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1. Introduction 



In recent years we have received an impressive evidence that integrabihty might 
provide a key concept to get more insight into the comphcated dynamics of the large 
N gauge and string theories, and, in particular, into the AdS/CFT duality conjecture 
[H]. Indeed, the Af = 4 SYM in the large N limit is conjectured to be an integrable 
model 0, 0] , at least in a certain asymptotic approximation. Integrabihty allows one 
to formulate the corresponding Bethe ansatz whose solutions encode the spectrum 
of the model. A nice and distinguished feature of this approach is that at many 
instances the Bethe equations can be solved exactly or used indirectly to make a 
comparison with the dual string theory. There has been a lot of discussion in the 
recent literature concerning construction and applications of the Bethe ansatz to the 
Af = 4 SYM theory, we refer the reader to the comprehensive reviews [Q . 

The sigma-model describing Type IIB superstrings propagating in the AdS^ x 
space-time [|] is also classically integrable However, due to the large number of 
dynamical variables and their involved interactions the quantization problem looks 
highly non-trivial. An interesting insight into the quantum theory can be gained 
by studying an expansion around the so-called plane-wave limit where the string 
theory simplifies dramatically but still allows for a non-trivial comparison to the dual 
gauge theory ||]. 

Perhaps one of the main outcomes of string integrabihty is that the string sigma- 
model admits a rich variety of explicit soliton solutions 0, In fact the whole 
classical (finite-gap) spectrum is encoded into a set of certain integral (Bethe type) 
equations supported on the corresponding algebraic curves |12[. Finally, the 
(quantum) gauge and (classical) string theories reveal a certain interesting similarity 
between their integrable structures that can be manifested either through the study 



of infinite towers of conserved charges |T3|, IT^, O or, equivalently, by comparing 



the corresponding Bethe equations [[T^, |TB|]. A complementary approach to quantum 
string based on the knowledge of a quantum integrable sigma-model in the infinite 



volume was suggested in |]17 



Recently, the knowledge of the classical string Bethe equations []TT| together 



with the asymptotic gauge theory Bethe ansatz [|I^ allowed us to conjecture a novel 
Bethe ansatz |]TB|] which is supposed to capture the leading quantum dynamics of 
strings in AdSs x S^. We will refer to the corresponding construction as the quantum 
string Bethe ansatz. Conjectured originally for the so-called su(2) sector, it has been 
generalized to other sectors [0 and, finally, to the whole superstring sigma-model 



2C]. Classical spinning strings, the 1/J corrections to energies of the plane- wave 
states, the famous X^^'^ strong coupling asymptotics, all these limiting cases can be 
derived from the quantum string Bethe ansatz. As was shown very recently pT| , p2 



the ansatz seems to be capable to incorporate the 1/J corrections to classical spinning 
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strings. Quite intriguing, it also admits interpretation in terms of integrable long- 



range spin chains and naturally emerges in the study of the plane-wave matrix 
models . However, in spite of all these remarkable developments it remains unclear 
how the quantum string Bethe ansatz could arise upon quantization of strings beyond 
the semi-classical approximation^. 

On the other hand, it is known that string theory admits consistent truncations 
to smaller sectors which contain in particular string states dual to operators from 
the corresponding closed sectors of gauge theory. In gauge theory a closed sector is 
an invariant subspace of composite operators on which the action of the dilatation 
operator closes. Studying the mixing problem within a closed sector provides certain 
simplifications, e.g., in formulating the corresponding Bethe ansatz, etc. One can 
try to apply a similar idea to string theory. Instead of dealing with the complicated 
dynamics of the whole model one can consistently truncate the classical string equa- 
tions to a smaller set of fields and further study their dynamical properties. One can 
also try to construct the quantum theory of a truncated sector although it is not a 
priori guaranteed that this theory will have a certain relation to the actual quantum 
string: the procedures of truncation and quantization are not expected to commute. 
Thus it is of interest to look at this problem: It might help to understand the origin 
and the range of validity of the quantum string Bethe ansatz as well as interrelation 
between truncation and quantization procedures. 

From all varieties of the closed sectors 0] on the gauge theory side the so-called 
5u(l|l) sector seems particularly attractive. In the A/" = 1 language it contains 
composite operators made of two Yang- Mills elementary fields, Z and where Z is 
the complex scalar from a scalar supermultiplet and is the Weyl fermion from the 
gaugino supermultiplet. The su(l|l) symmetry group transforms Z and \Ef into each 
other. In this sector the dilatation operator H and the corresponding asymptotic 



Bethe ansatz |19| are known up to three-loop order of perturbation theory; at one 



loop the dilatation operator just coincides with the Hamiltonian of the free lattice 



fermion p6[. The coherent state description of the su(l|l) sector with its further 



comparison to string theory was considered in pT 



In our previous work we have found the consistent truncation of the classical 
superstring theory to the su(l|l) sector. We have further removed all unphysical 
degrees of freedom by fixing the so-called uniform gauge [^, |3D|: The world-sheet 
time r was identified with the global AdS time t, while the momentum of an angle 
variable </> of was declared to be equal to the Noether charge J corresponding to 
translations of 0. The space-time energy E of the string coincides in this approach 
with the world-sheet Hamiltonian H which is a function of the charge J: 

E = H{J) . 



^Possible sources of the corrections to the gauge/string Bethe ansate have been recently discussed 
in [Esl. 
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The physical degrees of freedom are two complex fermions which can be organized 
in a single world-sheet Dirac fermion. The resulting theory appears to be a new 
non-trivial interacting theory of the 2-dim massive Dirac fermion. It is integrable 
because the consistent reduction can be carried over for the Lax representation of the 
original sigma-model. Finally, we used the corresponding Hamiltonian to derive the 
1/ J correction to the energies of the plane- wave states and found a perfect agreement 
with the results by ^]. 

To proceed with quantization one has to first identify the action and angle vari- 
ables for the classical model. This is rather non-trivial in our present setting because 
the Lagrangian of the reduced theory is apparently complicated and involves terms 
up to six order in fermions and their derivatives. 

In this paper we will solve and find the semi-classical spectrum E{J) of our 
interacting theory in a way which bypasses direct diagonalization of the interacting 
Hamiltonian. The basic idea is to fix reparametrization invariance by choosing a 
gauge most suitable for computing the spectrum of E. Quite remarkably, there 
exists a gauge choice which linearizes equations of motion! In the following we will 
refer to this gauge as the uniform light-cone gauge. In the light-cone coordinates 
x± = |(0±^) this gauge consists in fixing x+ = r and p+ = P+ = const, where p+ is 
the momentum conjugate to x_. The world-sheet Hamiltonian H and the parameter 
P+ are now related to the global charges of the model E and J as 

H = E-J, P+ = E + J. 

Since H itself is a certain function of P+ we get an equation 

E = J + H{E + J) , 

which can be solved for the energy E = E{J). It appears that the Hamiltonian 
corresponding to this gauge choice is just the quadratic Hamiltonian for two complex 
fermions! Thus, in the uniform light-cone gauge the theory becomes free and the 
spectrum of H is trivially computed. 

It is worth emphasizing that in this way we solved our reduced model exactly, 
i.e., without assuming anything about the range of J. Taking J to be large we can 
easily construct the 1/ J expansion of the energy. The leading order in this expansion 
is the energy of a plane-wave state, while at the subleading order we again reproduce 



the 1/J correction found in Remarkably, to obtain this correction in our 

approach we need only free fermions. The subleading correction turns out to 

be an analytic function of A' = A/J^, while the recent studies [p^ , 33] of the 1/J 



correction to energies of classical spinning strings suggest the appearance at this 
order of non-analytic terms. This possible mismatch can be attributed to the fact 
that the su(l|l) sector is not closed in quantum string theory. 
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It is also easy to analyze the strong coupling expansion, A — »• oo, of our exact 
result. Again we reproduce the leading asymptotic A^/"^, and find a disagreement of 
the sub leading A~^/^ correction with the quantum string Bethe ansatz predictions. 

The paper is organized as follows. In section 2 we explain the uniform gauge 
approach which is then applied in section 3 to the su(l|l) sector. We show that the 
gauge-fixed Hamiltonian is that for free massive fermions. In section 4 we compute 
the spectrum of the model and analyze the near-plane wave and strong coupling 
expansions. We also discuss generalization to the case of non-vanishing winding. 
In section 5 we establish a relation between the energy spectrum we found and the 
quantum string Bethe ansatz. In Conclusion we discuss the consequences of our 
results and open problems. Finally, in the appendix A we compute the 1/ and 
1 / \/~X corrections by using the quantum string Bethe ansatz and in appendix B we 
discuss the Lax pair which arises upon fixing the uniform light-cone gauge. 



2. Uniform Light-Cone Gauge 

In this section we introduce the uniform light-cone gauge for strings propagating on 
a target manifold. This gauge generalizes the standard phase-space light-cone gauge 
of 1^ to a curved background |3^. It belongs to the class of gauges used to study 



the dynamics of strings in AdSs x S [59, 30 



We denote the time coordinate of the manifold by t, and assume that the man- 
ifold possesses a U(l) isometry realized by shifts of an angle variable (j). To impose 
the uniform light-cone gauge we also assume that the string sigma-model action is 
invariant under shifts of the time coordinate t and the angle variable with all the 
other bosonic and fermionic fields being invariant under the shifts. This means that 
the string action does not have an explicit dependence on t and and depends only 
on the derivatives of the fields. An example of such a string action is provided by 
the Green-Schwarz superstring in AdSs x where the metric can be written in the 
form 

ds^ = Uz)de + + g-^{^z)dz^dz^ + gt^{y)dy^dy^ . 

Here t is the global time coordinate of AdSs, is an angle of S^, and 2;* and are the 
remaining coordinates of AdSs and S^, respectively. Strictly speaking, the original 
Green-Schwarz action presented in contains fermions which are charged under the 
U(l) transformations generated by the shifts of t and (f). However, it is possible to 
redefine the fermions and make them neutral in the same way as it was done in 
for fermions from the su(l|l) sector. 
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The invariance of the string action under the shifts leads to the existence of two 
conserved currents, and 3°", and two conserved charges 

It is clear that the charge E is the target space-time energy, and J is the total U(l) 
charge of the string. It is well-known that the time components, E'^ and J°, of the 
abelian charges are just equal to the momenta conjugate to the coordinates t and 0:^ 

Pt = ^° P0 = J° . 

To impose the uniform light-cone gauge we introduce the light-cone coordinates: 

1 1 

t = x+-x_, (f) = x+ + x^, Pt = ^{p++P-), p^ = -{p+-p-) (2.1) 

x+ = ]^{<P + t) , a;_ = ^(0-t), P+=P^ + Pt, P-=Pt-p<p- 
In terms of the light-cone coordinates the kinetic term takes the form 

- pd + = -p-x+ + p+x- . (2.2) 



Then we fix the uniform light-cone gauge by the conditions 

Xj^ = T + —a , pj^ = Pj^ = E + J is a constant . (2-3) 

The integer number m is the winding number which appears because the co- 
ordinate (f) is an angle variable with the range < < 2tt. It is clear from ( |2.2| ) 
that in this gauge the 2-dim Hamiltonian is identified with the integral over a of the 
momenta p_ : 

H= / p_ = E-J . (2.4) 

In the AdS/CFT correspondence the space-time energy E oia. string state is identified 
with the conformal dimension A of the dual CFT operator: E = A. Since the 



Hamiltonian if is a function oi P+ = E + J, the relation (|2.4| ) gives us a nontrivial 
equation on the energy E. Computing the spectrum of H and solving the equation 
(P^.4D would allow us to find conformal dimensions of dual CFT operators. 



^We assume that the kinetic term in the Hamiltonian form of the string action has the form 
-ptt + p^4> + ■ ■ ■ , with the negative sign in front of pt. 
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3. The suClll) sector 



In this section we use the uniform hght-cone gauge to analyze the string theory on 
AdSs X reduced to the su(l|l) sector. It was shown in ||2^ that the sector contains 
the scalars t and 0, and two complex fermions "^s and "dg- The Lagrangian^ of the 
reduced model can be written in the form 



^ = ( 



0' + |(^ + 0)Cr-i(i + 0)'A) 

+ 7X7^^ (if - 00' + i(t + 0)C + + 0')Cr - \{i + 0)(t' + 0')A) + . 



(3.1) 



Here the Wess-Zumino term has a remarkably simple form [k = ±\/A/2) 



and for various fermionic contributions we use the concise notations 



A 



(3.2) 



(3.3) 



It is important to mention that the periodicity condition for the fermions i)^ and i^g 
depends on the winding number m. If m is even the fermions are periodic, and if m is 
odd they are anti-periodic. The dependence appears because one makes the original 
periodic fermions neutral under the shifts of t and by means of a field redefinition, 
and this induces the change in the periodic condition, see for details.^ 

In ||2^ the action (|3.1| ) was studied by imposing the phase-space uniform gauge 
'1^ = 'T-i P(f> = J 1 where is the canonical momentum conjugate to the angle variable 
0. It was shown that the gauge-fixed action arising in this way defines an integrable 
model of a massive interacting Dirac fermion described by the following Lagrangian 



^ = J 



- 1 



1 



[i'ipp°'daip — idai>p°'ip) + '0'0 



(3.4) 



4 o 



where ip is the fermion, and are 2-dim Dirac matrices. Here we will reanalyze 
( |3.5|) by imposing the uniform light-cone gauge, and show that in this gauge the 
gauge-fixed action is a free action for the fermions and "^g- This allows us to 
solve the integrable system described by the Lagrangian ( |3.4|) in the semi-classical 



^We are using the notations from [^g]. The reader can consult for details of the reduction. 
''An equivalent change of boundary conditions was also found in the analysis of the spectrum of 



fluctuations around a multi-spin circular string p4 
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approximation. We do not know however if the change of gauge leads to quantum- 
equivalent models because the reduction of the string theory to the su(l|l) sector 
breaks the conformal invariance that is necessary for quantum equivalence of different 
gauges. It would be interesting to quantize (|3^) directly, and compare its spectrum 
with the spectrum we find from the light-cone gauge free fermion action. 



Introducing the light-cone coordinates ( ^.11 ) we rewrite ( |3.1D in the Hamiltonian 
form 



1 



,,rcr 



7' 



1 

- -^P+Ca + P+X'_ - P-X'^ + Kx'^Qa ■ (3.5) 



As is usual in string theory with two-dimensional reparametrization invariance, 
the components of the world-sheet metric 7°^ enter the phase-space Lagrangian in 
the form of the Lagrangian multipliers. Imposing the uniform light-cone gauge (|2.3| ) 
and solving equations of motion for the components 7"^"^ and 7"^°" we find 

P- = nn^-^P+A, (3.6) 
x'_ = ^-{C + imA) . (3.7) 



Integrating (|3.71 ) over a, we get the level-matching condition 

^= / 7^kO + ^m^)=m. (3.8) 
Jo 2 

As usual the condition should be imposed on the physical states of the model. In 
fact the field x_ is unphysical and varying the Lagrangian w.r.t. p+ we find that it 
evolves according to a first-order equation 

i- = ^(C. + 22A). (3.9) 

The components of the world-sheet metric can be found from the equations of motion 
for p_ and X- and they are given by 

Since the unitarity of the model requires 7"^"^ < we get that = E + J > \fX\m\. 
The origin of this condition is easy to understand. If m 7^ the string winds around 
a circle, and has the length equal to 27r|m|. The energy of such a string must be 
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greater than the product of the string tension and its length, and this leads to the 
condition. The condition shows that the energy of a long winding string always scales 
as -\/A [0 as opposite to the usual A^/^ scaling of a short string with m = 0. 

Finally, substituting the solutions of the Virasoro constraints to the Lagrangian 
( p.5|) , we get the gauge-fixed Lagrangian for strings in the su(l|l) sector 

^ = -^P+Cr + \nmn, - kQ^ + ^P+A . (3.11) 

Recalling the definitions (|3.3|) , we see that the action is a free action for two complex 
fermions! If the winding number m = then rescaling a it can be cast to the form 



of the action for a free massive Dirac fermion [B^ 



4. Spectrum 



In this section we discuss the spectrum of the model. We start with the simplest 
case of the vanishing winding number m = 0. In this case the Lagrangian coincides 
with the quadratic part of the Lagrangian obtained in [Q, and, therefore, we can 
just use the results from PB[. It was shown there that after a proper change of the 
fermionic variables (see section 7 of [^) the action ( |3.11| ) takes the form 



n n 



ujn (a+a„ + 6+6„ ) 



(4.1) 



where ojn = \/l + An^, and we define A by the formula 

~ _ 4A _ 4A 

~pl~{E + jy 

In terms of the oscillators a^, 6^ the level matching condition has the usual form 



V = — ^ (na+a; -n 6+6;) = 



(4.2) 



and therefore the sum of a-modes should be equal to the sum of 6-modes. As was 
discussed in [|^, the SYM operators from the su(l|l) subsector are dual to states 
obtained by acting by operators a+ on the vacuum. A general M-impurity state with 
M = Ma + Mh obtained by acting by Ma operators a+ and Mh operators 6+ is 



\Ma,Mb) = bt ...bt a+...a+ |0) . 
It is obvious that the 2-dim energy of this state is equal to 



M 



H\Ma,M,)= [J2^nA\Ma,Mt,) 



(4.3) 



(4.4) 
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As was discussed in section 2, the 2-dim energy of a string state is related to the 
space-time energy by the formula H = E — J. Taking into account ( [4 .41) , we get the 
following equation for the space-time spectrum of string states 




Since all fermions are neutral under the U(l) subgroup shifting the bosonic field 0, 
the state ( [4 .31 ) carries the same J units of the corresponding charge for any number 
of excitations M. That means that an M-impurity string state should be dual to the 
field theory operator of the form 

where \E'-|- are the two fermions from the gaugino multiplet of A/" = 4 SYM, carrying 
the Lorentz charge | and — | under one of the su(2)'s from the Lorentz algebra 
su(2,2). According to the AdS/CFT correspondence, the space-time energy E of 
a string state is equal to the conformal dimension of the dual CFT operator, and, 
therefore, solutions of eq.( [4.5| ) give us dimensions of the operators (|4.6|). 

In what follows we restrict our attention to the states dual to the closed su(l|l) 
subsector of gauge theory. For such states = 0, and the sum of the modes 
vanishes. 

4.1 Near-plane wave correction to the energy 

It is very simple to use eq. ([4.5|) to compute the 1 / J correction to the energy of the 
plane-wave states from the su(l|l) sector. All one needs to do is to introduce the 
effective coupling constant A' = A/J^, and solve (|4.5|) in powers of 1/J keeping A' 
and M finite. After a simple algebra we find 

j=i \ j=i J / 

where uji = \/l + A'n^. Taking into account the level-matching condition this formula 
can be rewritten in the form 

E = J+yuj,- — y . 4.8 

4J ^ UiUJj 
1=1 i=f=j ■' 

This precisely reproduces the 1/J correction to the M-impurity plane- wave states 
obtained in p2| , ^ by using nontrivial interacting Hamiltonian for fermions. Here 
we reproduced the spectrum by using free fermions! 
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It is clear that eq. (|4.5|) can be used to compute the 1/ J and higher corrections 



For the 1/ correction we find 

E2 = ^^ ^ + u,-^^ , (4.9) 

i,j,k=l i,j,k=l •' 

where E — J = X]f=i + + + " " " • However, since the su(l|l) sector is not closed 
in quantum string theory one should also take into account contributions from the 
fields which were set to zero in the reduction to the sector. In particular, we do not 
see the term A'^^^/J^ recently predicted from the analysis of the 1/J correction to 
spinning strings Moreover, as follows from the analysis in next section, eq. (|4.9| ) 
does not reproduce correctly even all terms analytic in A. The corrections in 
the su(2) sector were recently studied in by using a properly adjusted fast-string 
action. Our results suggest that to derive the action one would have to take into 
account the contribution of fields that are not from the 3u(2) sector. 

4.2 Strong coupling limit 

In our derivation of eq.( [4.5| ) we never assumed that J, and therefore E must be 
of order y/X. That means that we can also consider the strong coupling limit when 
A — s> oo and E ~ A^/^. We need to consider the two cases: i) J 1, ii) J E \^^^. 
To simplify the notations it is convenient to introduce the radius of S*^: R = ^/X. 
Then, in the first case, J ~ 1, we find 

E=2v'«fiii+ijfi;+5:^)+^^^5:-L+...) . (4.10) 



8R\n ^\ni\ 8^R^/^ 

where n = iXli!'^*! is the level of the string state. To understand the physical 
meaning of the formula it is useful to find E"^: 

E^ = AnR + + n 



VJ_ + ^VA + .--. (4.11) 



It is clear from the formula that the first two terms give the usual dispersion relation 
for a string state of level n moving in the 0-direction with the momenta J. The re- 
maining terms are the leading 1/ \fR corrections. Let us also note that the expansion 
goes in powers of 1/ \fR =1/ A^^^. 

In the second case, J E X^^'^, the eq. (|4.5| ) gives 
E = V^nR + J^ + _L + ^j(j + V^^^)^ ^ R ^ ^(V^') j > (4.12) 



where j = J/yR is kept finite in the expansion. In this case the expansion goes in 
powers of l/R = 1/v^. 
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We do not expect that our formulas reproduce correctly the leading strong cou- 
pling corrections because as we will discuss in the next section and in the appendix 
A they do not match the predictions of the quantum string Bethe ansatz. 

4.3 Non- vanishing winding number 

Here we discuss the spectrum of the model for the case of non-vanishing winding 
number m 7^ 0. In this case one can show that there is a change of the fermions such 
that the action ( |3.11| ) takes the form 

00 

£ = ^ [-i (^a+a- + 6+5;) - a+a; - h+h' , (4.13) 

n=— 00 

where 



, P+JPl - \m? + 4An2 ± 2Xmn 
= Pl-Xm^ • <^-^*) 

Since the fermions are periodic if the winding number m is even and anti-periodic if 
m is odd, the mode numbers n in ( 4.13 ) are integer or half- integer, respectively. 

The space-time energy of a generic string state (|4.3| ) can be again found from 
the equation ( p.4|) that takes the form 

Ma Mb 

E-J = Y,< + Y.^k. ■ (4.15) 

i=l i=l 

The string states must satisfy the level matching condition ( p.8| ). In terms of the 
oscillators a+, 6+ it has a rather unusual form 

00 

"^^ = 5Z ~ ^" ^nK) = m , (4-16) 

n=— 00 

where 

, 2nP. ± mJPl - \m? + 4An2 



Acting by the level-matching condition on a string state ( [4.3D , we get the following 
condition on the mode numbers 

Ma Mb 

i=l i=l 

It is not difficult to show by using ([4.15|) and ( [4.17|) that the condition just says that 
the sum of a-modes minus the sum of 6-modes is equal to mJ: 

Ma Mb 

^ni-^ki = mJ. (4.19) 

i=l i=l 
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For states from the su(l|l) sector we have Mf, = 0. The simplest state is created 
by acting by the operator a^j on the vacuum. In this case eq.( [4.15|) can be solved 
exactly and we get for the energy of the state ■?/' = flmjlO) 



2 



Emj = J + Vl + Am 

This formula demonstrates explicitly that the energy of a long string with non- 
vanishing winding number scales as contrary to the usual A^/^ scaling of a short 
string. 

Eq. (|4.15|) cannot be solved exactly for other states but it can be readily used to 
compute 1/ y/X corrections to the energy of a long string. The form of the correction 
depends on what scaling we assume for J, and mode numbers rij. To illustrate the J 
and mode number dependence we present below a formula for the energy of a state 
obtained by acting by M creation operators on the vacuum: 

|mi J, . . . , muJ) = a+^j ■ ■ ■ a+^^j|0) , 

where mi + m2 + ■ ■ ■ + mM = m. We assume that J is kept fixed in the large A 
expansion. Note also that rrii can be positive and/or negative, and are not required 



to be integer. Then, by using ([4.15|) we find the energy of the state 

J2 



'miJ,...,mMJ 




We see that for all these states the large A behavior is the same: m\/X. It is interesting 
that if some of rrii are negative the constant term in the expansion is not equal to J. 
If all rrii are positive the formula simplifies and takes the form 

1 ^ 1 

EmiJ,...,mMJ = + J ^ Tt \ ' > . 

2v A rrij 

5. Relation to quantum string Bethe ansatz 

In this section we discuss the relation of the string spectrum (|4.15| ) we obtained in 
the previous section with the spectrum that can be derived by using the quantum 
string Bethe ansatz for the su(l|l) sector. 

We start by showing that eqs. ( [4.5|) and ([4.15|) can be derived from the following 
set of Bethe ansatz type equations 

exp {^PkL + ^ ^ (Pfc (cj - 1) - (cfc - l)Pj)^ = 1 . (5.1) 
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Here pk are to be interpreted as the momenta of excitations of a spin chain of length 
L = J + M/2 with M excitations, and 



is the energy of an elementary excitation, and the spectrum is determined by the 
equation 

M 

E-J = Y,ek (5.3) 

fc=i 



We have written eq.( p.3D in such a form to make obvious its similarity with eq.( f4.15| ). 
The sum over j in eq.(|5.1|) can be easily taken by using ( |5.3| ), and we get 

exp (^pk (^J + ^M^ + 1 (p, - J - M) - 27rm (e^ - 1))^ = 1 , (5.4) 

where 

1 ^ 

is the winding number which we suppose to be an integer. 
Collecting the terms with p^. together, we get 

exp {^Pk {E + J) — mmek + zvrm^ = 1 . (5.5) 

Finally, taking the logarithm of both sides of the equation and recalling that P+ = 
E + J, we obtain 

^PkP+ - T^mek = 27ink , (5.6) 

where the mode numbers are integer if the winding number m is even, and half- 
integer if m is odd. Note that it is in complete agreement with our consideration in 
the previous section. The mode numbers cannot be arbitrary, they must satisfy 
a consistency condition which should be equivalent to the level-matching condition. 
To find the condition we take the sum over k of both sides of ( |5.6| ) and get 

M 



rik = niJ . (5.7) 



k=l 



It is exactly the same relation we obtained in the previous section from the level- 
matching condition. 
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To derive eqs. (|4.5| ) and ( [4.15 ) let us first consider the simplest case of the van- 



ishing winding number. Then we get from (|5.6|) 



and substituting the formula into ( p^ and (|5.3| ), we immediately obtain eq.( 

The consideration can be easily generalized to the case of the non-vanishing 
winding number. Expressing now pk as a function of e^, and solving eq. (|5.6| ) for 
Cfc, we get that the energy of an elementary excitation Ck with the mode number nk 
coincides with the frequency ( ^.14| ), and therefore eq.( [5.3| ) just takes the form of 
eq.f^). 



Thus, we have shown that the space-time energy spectrum of strings in the 
5u(l|l) sector and in the uniform light-cone gauge follows from the Bethe type equa- 
tions (|5.1| -5.3). It is not difficult to see that the equations (|5.1|) in fact coincide with 



the Bethe ansatz equations for strings in the su(l|l) sector derived in by ana- 
lyzing the near BMN spectrum.^ The only difference is that in [1^ the energy of an 
elementary excitation was supposed to be 



e. = yi + ^sin2|. (5.9) 
Comparing this formula with eq. ( p.2|) , we see that the set of eqs. (|5.1[ - |5.3|) is an approx- 



imation of the quantum string Bethe ansatz ||T9[ valid in the regime of small momenta 
Pk- According to (p. 81), this is also a high-energy regime where rii/ {E + J) 1. It is 
not difficult to see that in the large J limit the approximation is valid up to the 1/ J 
order (see appendix A for details) and in the strong coupling limit only up to the 
leading A^^^ order. At higher orders in 1/ J and the sin^ | begins to give addi- 

tional contributions to the space-time energy. That means that computing 1/ and 
l/A^/'^ corrections should provide nontrivial tests of the dispersion relation (|0|). Let 



us stress out that in [18| the choice of the dispersion relation (p.9|) was motivated by 



the asymptotic Bethe ansatz in gauge theory [|T6| . A priori there is no reason why it 
should not be corrected at large A. Recent tests of the quantum string Bethe ansatz 
for the su(2) and s[(2) sectors performed in ^ indicate, however, that 
corrections are compatible with the dispersion relation. It would be very interesting 
to compute the leading 1/A^/^ corrections. 



6. Conclusion 

In this paper we have introduced the uniform light-cone gauge for superstrings in 

AdSs X S^, and applied it to analyze the classically-consistent reduction of the Green- 

Schwarz action to the su(l|l) sector. 

^Let us note that in pj[ | the winding number m was set to zero. Our consideration here is a 
generahzation of to the general m case. 
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It appears that in this gauge the reduced model is described by a free action of 
two complex fermions, and therefore the spectrum of the model can be easily found. 
We have explained how the spectrum is related to the space-time energy spectrum of 
strings that by the AdS/CFT correspondence coincides with the spectrum of scaling 
dimensions of A/" = 4 SYM. 

The space-time energy spectrum appeared to reproduce correctly the leading 1/ J 
correction in the large J limit, and the leading A^^^ behavior in the strong coupling 
limit. We have shown that the space-time energy equation (|4.15| ) can be reproduced 



from the low-momentum approximation to the quantum string Bethe ansatz for the 
su(l|l) sector. 

We have noted however that the naive and 1/"\/A corrections found by 

using the free fermion action differ from the predictions of the quantum string Bethe 
ansatz, and computing them by using the whole string sigma-model would provide 
nontrivial tests of the ansatz. 

Calculating the 1/ corrections and even the leading 1 / \f\ corrections would 
require using the second-order perturbation theory. The uniform light-cone gauge 
and su(l|l) sector seem to be the most suitable ones for such a computation because 
in this gauge the sector is described by a free theory, and therefore only the fields 
that were set to zero in the reduction to the su(l|l) sector would contribute to the 
corrections. 

Our results also show explicitly that quantizing a classically-closed sector of su- 
perstrings in AdSs x cannot lead to results correct for finite J and A. Moreover, 
quantizing such a sector in different gauges might lead to contradictory results. The 
reason for that is that the quantum gauge equivalence requires the conformal invari- 
ance of the string theory that is broken when we reduce the theory to a classically- 
closed sector. It would be interesting to study the gauge dependence of the su(l|l) 
sector spectrum by quantizing the integrable model of a massive Dirac fermion p8 
that describes strings in the su(l|l) sector in the uniform gauge p^j, = J. 

We conclude therefore that the results derived within a closed sector must be 
taken with great care since the correct quantization of superstrings in AdSs x 
would require taking into account all bosonic and fermionic fields of the superstring. 
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A. Quantum String Bethe Ansatz in the su(l|l) sector 

Here we outline the derivation of the l/J^ correction to the energy of a plane- wave 
state by using the conjectured quantum string Bethe ansatz in the su(l|l) sector 



1^, |2^. We will also analyze the strong coupling expansion A ^ oo. 
A.l The 1/J expansion 

To formulate the Bethe equations one introduces the function 



, , 1 ^1 / 2(72 2 A'J2 

and the notation = x{u ± |). The variable u is related to the momentum p of an 
elementary excitation through the formula 

tp = \og—-^. (A.l) 

X [U) 

The (logarithm of) Bethe equations are the set of M equations for the momenta pk, 
= 1, . . . , M. In the su(l|l) sector they read |2^ 

M 2 2 

'LPk = 2vrm, + J] log [l - - log [l - (A.2) 



+iukj 



log [1 - ^7-+] + log [1 - ] - log [1 - ^4-+] - log [1 - ^-^] 



Here Uk are the excitation numbers, Ukj = Uk — uj and L is the length which in our 
present case is L = J + ^M. As soon as momenta pk are found the energy can be 
computed by using the formula 



k=l ^ " ^ k=l 
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Assuming the following expansion for momentum pk in the large J limit 

Pk- J + J2 + J3 + ■ • • 



(A.4) 



we determine the leading behavior of Uk = u{pk) by using the formula ( |A.1|) . We 
find 



Uk 



2nnk An'^Uk'nl 

The Bethe equations generate then the perturbative solution for pk 



(2) 
Pk 



M 



-±- = -Muk + - ujj) - nj{l - cok) 



(A.5) 



and 



(3) 
Pk 



(2) 



Uk-l 



X'rijnk 



ijj,; 



-Pf\^,-^ 



X'njHk 
^k 



.{A.6) 



Now by using eq.( |A.3| ) we obtain the first few leading terms in the large J expansion 
of the energy 

El_ 
J ^"J2 



where 



E^^ = J2i^k-l) + ^ + 



BA j^BA 



k=l 



M (2) 
^BA ^ ^/ \ ^ Pk 



(A.7) 



and 



M 



:1V — 



(2) 
Pk 



, (3)" 
2 Pk 



3 ^ + I2nkuji ^ 



TT 



TT 



(A.8) 



Thus, we have computed the 1/ correction E2 to the energy of the plane- wave 
M-impurity state. On the other hand, the theory of the free Dirac fermion leads to 
the corrections ( |4.7| ) and ( ^.9| ) which we repeat here for convenience 



i,j=i -< 

^ A' ^ nli3 + 2X'nl) A nfn^ 

^2 = ^ E u;,u,^^-^ + - J2 -^k- 



i,j,k=l 



4 ^i^j 

i,j,k=l 



(A.9) 
(A. 10) 
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Upon substituting in eqs.( |A.7|) , (|A.8|) the momenta (|A.5| ) and (|A.6|) one can show that 
the first correction to the energy is the one and the same, while eq. (|A.8| ) coincides 
with eq.( |A.10D except for the term which explicitly depends on tt^: 



BA 



E. 



BA 



El 
E2 



fe=l 



(A.ll) 



Thus, the formula for E2^ disagrees with eg . (14.91 ) which provides the 1/ correction 
from the theory of the free Dirac fermion. In fact, the additional term proportional 
to TT^ in the expression for the Bethe ansatz energy ^ occurs due to the term p'^ 
of sin^ I in the large J expansion of the elementary excitation charge Ck in eq. (|5.9|) . 



A. 2 The strong coupling expansion 

Now we analyze the corrections to the strong coupling limit A ^ 00, L ~ 1. Our 



discussion is very close to that of [jl8|. To investigate the strong coupling expansion 



it is convenient to express the x± as functions of the momentum p. 



2 



The function u{p) is then 

«(p) = icot(|)yi 



l + Asin^E. (A. 13) 



We assume that in the strong coupling regime the momentum p admits the following 
expansion 

0(1) 0(2) 

where the coefficients p*-*-* should be determined from the Bethe ansatz equations. 
The roots pk (generically complex) obey the conservation law X^fli Pk = 0- We find 
it convenient to group the leading momenta p^^'* into two sets: p^ with Rep^^'* > 0, 
k = 1, . . . , m and with Rep^j}^ < 0, = m + 1, . . . , M. 

Expanding the Bethe equations in the limit A ^ 00 we obtain at the first three 
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leading orders the following equations 

M 

27r 



j=m+l j=l 
^ M m 

^^fc = ^ Yl i^^Pk - pj) + pIpT + p]pf\ + 



1 



(2) 



(A.15) 
(A.16) 



1 

7x 



j=m+l 
M 



T 1 



(A.17) 



Here we presented equations for k = 1, . . . ,m only as they are enough for our further 
discussion. The functions xiV are rather complicated, e.g., 



(1) * 1 -J 
^kj = - log 1 , 1 



1 , p+ + p+ + L(pt Pk. 



+ 



(A. 18) 



+ 2tx 



1 1 



+2 +2 1 ^^fc P^ ) 



Fortunately, the only property of Xkj need, is that they are antisymmetric w.r.t. 
the change i ^ j: xt] = -xfk- 

Summing up the Bethe equations ( |A.15| ) over k and using the antisymmetry 
property of x^kj -^^^^ ^''^^ 



log 



M 



(A. 19) 



k=l k=m+l k=l 

Second, summing up eqs.( [A.16D and using the momentum conservation we obtain 



(A.20) 



vfc=l j=m+l 

Third, summing up eqs.( |A.17| ) and using eqs.( [A.19D ,( [A.20| ) we get the relation 



L- 



M 



2-^ A 8^n+ 2-^ 



k=l 



j=m+l 



487rp- 
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Expanding the energy in the large A hmit we get 



E 



BA 



\k=l k=m+l J \k=l j=m+l / 




48n' - + 2ApIpI 
Substituting here our findings we obtain 



(3) 



j=m+l 



E^^ = 2{n^Xr-[L + lM)+^ 



L - 



M 



487r2 - p-^ + 2Ap-p) 
ASirpJ 



+ 



+ . . . 



It is rather remarkable that the subleading term in the strong coupling expansion 
of the Bethe ansatz energy appears to coincide with the canonical dimension of the 
gauge theory operator taken with the negative sign. Thus, at strong coupling the 
total conformal dimension, A = J + M + E^^, of the dual gauge theory operator 
has an expansion 



1 



^ 2 



m M 



k=l 



j=m+l 1 



1 



+ 



(A.21) 



Thus, as in |T^, we found that the gauge theory operators are dual to string modes 
with masses m? = 4nV^, where the level n is determined by the mode numbers of 
the roots with a positive real part n = Yl^=i ^k- We also see that the constant term 
in the large A expansion cancels out. We were not able to write this formula for 
general M in terms of the excitation numbers Uk because the individual momenta 
Pk, which are solutions of the complicated equation ( |A.15| ), are not explicitly known. 

The formula ( [A.21| ) can be confronted with eq.( [4.10| ) describing the strong cou- 
pling asymptotics of our reduced model. For the reader convenience we repeat this 
equation here 



E = 2{n^Xr + ^^ 



J2 



4v^ 



4 ^ \nA 



(A.22) 



The leading terms in eqs. ( |A.21|) and ( |A.22| ) coincide. In both equations the constant 
(subleading) piece is absent. However, the terms of order l/\fX are different. They 
coincide only for the special case of two impurities, M = 2. 

The results about the subleading behavior of conformal dimensions should be 
taken with caution. Indeed, in general the quantum string Bethe ansatz [|18| in- 
volves an infinite number interpolating functions Cr{X) with the property Cr{X) 1 
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as A — >■ oo. The results by [22| suggest that beyond the semiclassical hmit these 
functions become non-triviaL In our computation above we assumed that all Cr = 1. 
Taking into account the actual functions (yet to be determined) might change the 
conclusion about the strong coupling expansion beyond the leading order. 



B. Lax representation 



Integrability of the classical superstring theory on AdSs x was demonstrated in 
by means of constructing the Lax (zero-curvature) representation for the superstring 



equations of motion. In |28] we have shown that this connection admits a consistent 
reduction to the fields describing excitations from the su(l|l) sector. Thus, the non- 
trivial interacting Dirac Hamiltonian which governs the dynamics in this sector 
is integrable, but its integrable properties are not transparent rather they are hidden 
in the highly non-trivial Lax pair. This pair can be formulated in terms of two 
4x4 matrices, =Sfo- and depending on a spectral parameter z and satisfying the 
condition of zero curvature 







(B.l) 



as a consequence of the dynamical equations. 

In opposite, in our present approach based on the uniform light-cone gauge inte- 
grability of the reduced model is manifest as it is the theory of a free 2-dim massive 
Dirac fermion. In fact the proper choice of the gauge resulted into linearization of 
the dynamical equations! Non-triviality of the original theory is now hidden in the 
new dispersion formula relating the energy E to the charges M and J. 

In spite of the manifest integrability of the model it is still interesting to know 
what is the reduction of the general Lax connection to the 5u(l|l) sector in the 
uniform light-cone gauge. For the sake of clarity we restrict our further discussion 



to the case of zero winding number^, m 
concise notation for the original fermionic variables of p8 



0, and fix K = We also introduce the 



(B.2) 



as well as two even quantities 



Q = (^1 ^2 - ^1 ^2)' • 



(B.3) 
(B.4) 



^Of course, for to ^ the reduced Lax connectfon also exists. 
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One can further show that the minimal Lax connection for the su(l|l) sector in 
the uniform hght-cone gauge is given in terms of 2 x 2 matrices of the form 



i z I 1_ 



tp[~izi(>!2 ^ 



(B.5) 



v 



^/\-z'^ 



2 1-^2 





(B.6) 



v 




1 1+z- 

2 l-z' 




Here z is the spectral parameter and we recall the definition \ = -j^. One can 
easily check that the Lax connection above has zero curvature (|B.1|) by virtue of the 



fermionic equations of motion followed from eq. 




Thus, the Lax connection for the whole superstring sigma-model boils down under 
the reduction to the su(l|l) sector in the uniform light-cone gauge to that of the free 
massive Dirac fermion. In writing component we also used the evolution equations 
( p.7|) to trade the r-derivatives of fermions for their cr-derivatives. 

Some comments are in order. Upon choosing the minimal reduction to 2 x 2 
matrices the corresponding Lax connection has the non-vanishing supertrace (its 
usual trace is also non-zero) . This is not problematic since the only requirement that 
matters is the fulfillment of the equations of motion which is indeed the case. One can 
also see that the off-diagonal part of contains the cx-derivatives of the fermions 
rather than the fermions themselves. This problem can be cured by means of a certain 
gauge transformation which removes in =Sfo- the off-diagonal derivatives in favor of the 
fields. Then the off-diagonal elements of eq. ( p.l| ) will directly generate the fermionic 
equations ( p. 7]) rather than their cr-derivatives. This gauge transformation leads 
however to a slightly more complicated form of the diagonal matrix elements in 
and and, therefore, we have not attempted to discuss it here. 
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